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ABSTRACT: We investigate Poisson-Lie symmetry for T-dual sigma models on superman-
ifolds in general and on Lie supergroups in particular. We show that the integrability
condition on this super Poisson-Lie symmetry is equivalent to the super Jacobi identities
of the Lie super-bialgebras. As examples we consider models related to four dimensional
Lie super-bialgebras ((2411 + 2A)1,D11)0:l) and ((2411 + 2A)L,1). Then generally it is
shown that for Abelian case (g, ) the suf)er Poisson-Lie T-duality transforms the role of
fermionic (bosonic) fields in the model to bosonic (fermionic) fields on the dual model and
vice versa.
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1 Introduction

Field theories with supermanifold as target space have recently received considerable atten-
tion, because of their interesting applications in both string theory and condensed matter
physics. WZNW models on supergroups are related to local logarithmic conformal field
theories [1-3]. Moreover, sigma model on Lie supergroups provides the building blocks of
string theory in AdS backgrounds; for example, superstring theory on AdS3 x S is related
to a sigma model on PSU(1,1]2) [4-6]. Furthermore, the study of two-dimensional topo-
logical sigma model on supermanifolds gives a better understanding of mirror symmetry
and its relation to T-duality [7, 8]. T-duality is the most important symmetries of string
theory [9]. On the other hand Poisson-Lie T-duality, a generalization of T-duality, does not
require existence of isometry in the original target manifold (as in usual 7T-duality) [10—
13]; the integrability of the Noether’s currents associated with the action of group G on
the target manifold is enough to have this symmetry. In these models, the components
of the Noether’s currents play the role of flat connection, i.e. they satisfy Maurer-Cartan
equations with group structure of G (with the same dimension of G) [10, 11] so that G and
G have Poisson-Lie structure and their Lie algebras form a Lie bialgebra [14]. In [15] it
is shown that Poisson-Lie T-duality in (2,2) superconformal WZNW and Kazama-Suzuki
models acts as a mirror symmetry. So the study of Poisson-Lie T-dual sigma models on
supermanifolds and its relation to mirror symmetry is an interesting problem. However, to
our knowledge Poisson-Lie T-dual sigma models on supermanifolds have not been studied
until now. In this paper, we investigate this problem.

The paper is organized as follows. In section two we generalize the Poisson-Lie symme-
try to sigma models on supermanifolds and show that the, integrability condition on this



super Poisson-Lie symmetry gives the super Jacobi identities of Lie super-bialgebras [17].
The super Poisson-Lie T-dual sigma models on supergroups are investigated in section
three. As the fourth section, we give examples of four-dimensional Lie super-bialgebras
(2411 + 2A)1,D;0:l) and (2411 + 2A)%, 1) [18, 19] and for the second example we give
canonical transformfition that relate model and its dual one. Then in section five, we show
that in general for the Abelian case (g, I) the super Poisson-Lie T-duality transforms the
role of fermionic (bosonic) fields in the model to bosonic (fermionic) fields on the dual
model and vice versa. Some remarks are discussed in as concluding section.

2 Super Poisson-Lie symmetry in sigma models on supermanifolds

Consider two dimentional sigma models on supermanifolds' M as target space with back-
ground matrix ,&,(z) = ,G,(x) +,B,(x) as function of coordinates x>

S = %/d&* NdE™ Dot &, O a¥ = %/d&* Ade L. (2.1)

Suppose that a supergroup G acts from right on M freely. Then with the use of left
invariant supervector field ;oY (defined with left derivative)
—
WD D) %
corresponding to this action, one can compute variation of .S under transformation z# —
oh 4 (et €7)uH as follows:?

(i=1,...,dimG) (2.2)

1 4 4 1 4
08 = 3 /d§+ ANde™ et (=)Mo 2t L, En, 0¥ — 3 /daz A xild, (2.3)
where the Lie superderivative £, £, and Hodge star of Nother’s current have the following
forms respectively
Loy & = (_1)m+u+>\ 8_;: N Exny + 0 8_,{ E + (_1)uu+u)\+iu+)\+u 8_; e Earn, (2.4)
’id = (=1)FT ot Oyt €y, dET — (1M ot £, O_a¥dE. (2.5)
By direct calculation, one can consider
dx;J = [(=D)MP o 2 L., Ex, 02" + ;0" (equations of motion)] dé~ AdET,  (2.6)
where the equations of motion have the following form
— (=DM 9,20 D, Exy Oz + (—1) Dpa? By Epy O3 + (1) £, 0, 02"
Ap A Ap A vy _
H(=1)"HO0_ 0 x” Exy + (1) Op2” 0_2¥ 9, Exy = 0.
(2.7)

'Here we use the notation presented by DeWitt’s in [16]. For example the transformation properties of
upper and lower right indices to the left one are as follows:

imk ik ik J ik
b =T, T = (=1) Tj

where indices on the exponent of (—1) show the Grassmann degrees of variables.
2Here we consider bosonic worldsheet with light cone coordinates: ¥ = %(T +o0)
3From now on we will omit the superscripts (L, 1) on ;v*.



Thus, on extremal surface we have 65 = 0 and
dx;J = —[(~D)MA o 2 L., &\, O_x¥] dET N dE™. (2.8)

If £,, Exy =0, then G is a superisometry group of M and we have conserved currents. On
the other hand, if %;J on extremal surfaces satisfy Maurer-cartan equation [16]

o1 s
dxiJ = —(—1)* §f]ki*jJ/\*kJ, (2.9)

where, fj k ; are structure constants of Lie superalgebras g (with the same dimension of g
(Lie superalgebra of G7)); then the super Poisson-Lie symmetry will be

! ! . ! ! ~‘k
ﬁUi (5)\V) — (_1)u+u + A\ gk pk+pp v+ p'v fj ; jvu ku;u 5W 5}\“/7 (2_10)

where this formula is a generalization of usual Poisson-Lie symmetry [10] to sigma models
on supermanifolds.
Now, using integrability condition on Lie superderivative

[’[i%jv} (5)\1/) = [ﬁimﬁjv]g)\u = ﬁw ['jv Exv — (_1)ij ['jvﬁiv 5)\1/7 (211)

and after some computations, we see that the structure constants of Lie superalgebras g
and g must be satisfied in the following relations

fkij ™= D"y fklj + ik fm]; + " M+ (=1)ma flkj fmk (2.12)

where these are the mixed superJacobi identities of the Lie super-bialgebras (g, g) [18, 21].
In the same way, one can consider the dual sigma models with background matrix ng;
where the supergroup G acts freely on M and the roles of g and g are exchanged.

3 Super Poisson-Lie T-dual sigma models on supergroups

When the supergroup G acts transitively and freely on M, the target can be identified with
the supergroup G. In this case, in order to obtain T-dual sigma models, one can consider
the equation of motion for the action on the super Drinfeld double D [11]

<ol heT > =0, (3.1)

where [(£7,£7) is a map from world sheet to super Drinfeld double D and < .,. > is the
invariant bilinear form on the double and e¥ are n dimensional orthogonal super vector
spaces such that ™ + ¢~ spans Lie superalgebra D = g @ g. Now by using decomposition
[ in the vicinity of the unit element of D [17]

WET€7) = g€ EhET€), (geG, hed) (3.2)

we obtain from (3.1)
< g '0rg+0.hh g eTg > = 0. (3.3)



On the other hand, for the super vector spaces T we have
-1+ _ ‘ T (o) X7
g e~g = Span{X; + E;;(9)X’}, (3.4)

where super matrices E* are supertranspose of each other (B = (-1)4 E]t), {X;} and

X1 are bases of Lie superalgebras g and g such that
{ g g and g
<X, X;>=<X X' >=0,
<X, X0 > =67 = (=175, = (-1)7 < XI, X; >, (3.5)
and we have? o
E*(g) = (alg) + E*(e)blg))  E*(e)d(9), (3.6)
such that

97 Xig = alg) " kX = (=1)" a(g)i "X,
g7 X7g = b(g)" kX +d(g) 1 X* = (=1)F b(g)"* Xy +d(g) £ XF,
Now by using (3.3)-(3.5) we have

Api(g) = (04 b = (=1) (g7'019)'E;f (9),
A_i(g) == (0-hh™); = —Ej(g9)(g " 0-g)", (3.9)

where A are right invariant one forms on G and satisfy in the following flat connection

relation
04 A_i(g) — - Ayilg) — (1) F7', A_j(9)Asi(g) = 0. (3.10)
Indeed one can observe that the above equation results in the equations of motions and

super Poisson-Lie symmetry of the following action

§ = 5/(9_10+g)i B} (9) (97 '0-g) de* dg™. (3.11)

To see this it is convenient to use the following definition for the left invariant one forms
with left derivative [17, 20]

i

(67 0g) = 1" = dpar L0, (3.12)
g gy =1V = iLW o a7, 3.13
g g

—~

where the superscript ¢ stands for supertransposition. On the other hand, by use of
<v, IV > = 67 with LWI = d 2 ,L17 we have

ok = IO ; (=) v =t = o (3.14)
Then from (3.9) we will have

Api(g) = (1) opat &, 0",
Ay(g) = —(=1)" " &, 2", (3.15)

“Here one must use of superdeterminant and superinverse formula [16].



where

ugu = ML(l)i ZE‘;r(g) jL(l)tu- (316)

Now using the above relations in (3.10) we attain the proper result. Note that by use of

(g7 10rg) = ﬁ)l g i Xg = hﬁ)l ™ (g) iX, (3.17)
where
(0199 ") = R (3.18)
we have
1) I i
" = /) V(). (3.19)

and one can rewrite the action of (3.11) in the following form:

5 = 5 [@rag™) B} (9) 0991V det de, (320)
where
Ef@) = (Bl +119) (3:21)
and the super Poisson structure has the following form:
M = ba ' (3.22)

In the same way one can obtain the following super Poisson-Lie symmetric dual sigma

model
S = % / (09 ")i BV () j(0-gg ") de* €™, (3.23)

with

~ .. - ~ ij_l

EY(g) = <E+ (é)—l—l‘[(g)) 7 (3.24)
where

E*(e) B¥(¢6) = E¥(e) E¥(e) = 1. (3.25)
4 Examples

In this section we consider Poisson-Lie T-dual sigma models related to four dimensional
Lie super bialgebras ((24;,; + 2A)1,D11)0 ) and ((2411 +2A4)L,1).5

_1
-2

®These Lie super-bialgebras are obtained in [19] in the same way as [18] . Note that for the Lie superal-
gebras with odd numbers of fermionic coordinates the metric tensor is singular [16] hence we consider four
dimensional Lie superalgebras with two fermionic coordinates as an example.



4.1 Case A

For Lie super-bialgebra ((24; ;1 + 24)*, D;O_ 1), we have the following nonzero (anti) com-
2

mutation relations to the basis® { X7, Xo, X3, X4} for (24,1 +2A4)" and {X', X2 X3, X4}

for D190
p=3

{X3, X3} = Xy, {X4, X4} = Xo,

%1, %2 = 32, XX = 0%,

[X17X4] _ %X47 [X27X4] — X?)’

[Xo, X' = Xo, (X, X% = — X, (X3, X1 = gxg - X3,
X3, X2] = X, Xy, XY = %X4, Xy, X2 = — X4
(X, X5} = gxl, (X3, X4 = Xo, (X, X4y = %Xl. (4.1)

Now using (3.17) with the following representation for the Lie supergroups (2A1,1 + 2A)*
and D;O_ I
-2

— X1 yXe YX3 xXu
g=-e e e e ,

g= FX! (B X? 615)236)2)24, (4.2)

where {z,y,Z,y} and {1, x, 0, X} are bosonic and fermionic coordinates of the Lie super-
groups (2A11 + 2A)! and DY ,; we have

_1
P_2

RY = <<9i33 — %04 dry — X Dux —019) —3¢X> ,

0~y %3
I = 4.3
@=|t o 0, (4.3
—X 9 0 0
Then using (3.19) and choosing Z-E;»r(e) as
1000
01 00
ORI (4.0
00-10

SHere {X1, X2, X', X2} and {X3, X4, X3, X*} are bosonic and fermionic bases respectively [22].



the following model is derived

IR R S Y P ) -
5_2/2(1+y){<2 1+y2>(8+$6$—|—y8+x6y y 4y 0-x) (4.5)

2+ 2w"a O_y — [x + (1 + 2y)9]04a O_1p
1+ 42 +Y 0-Y — |X Y +L O—

=[x+ (1 +2y)Y]01 O—x + (3¢ — yx)(Oyx O_X — Oy x O-)
+lyx + (y = 2)¢]04y 0_1p + [yx — (y — 2)¢]011p O—y

—(x +3yy)(Oyy O_x + 04 x 0-y) + [2(1 +y7) + (5 y)%] d4¢ 0_x

— (1 +2y)vx 044 09 — {2(1 +y7)+(1+ y)w] Y 0—w}d€+ dé,

where the action have the following background matrices

20 —X 3¢ — yx
G-t 0 2+ 3 (y —2)¢ 0 (4.6)
# 2(1 4 y2) —x (=2 0 2(1+ %) + 39x
3W—yx 0 —2(1+y?) - 3Yyx 0
0 -y A+ 0
s 1 —2-3%)y 0 yx  —(x+3yy) (4.7)
g 21+92) | (1+2y)0 —yx  —(1+2y)x 52— y)vx
0 (X +3yy) 52— y)vx 0
For the dual model with
RUY; = (0.7 8 04f € (0200 + %) €F 04%) .
00 0 0
_ 00 0 0
IL:(g) = 2 on | s 4.8
i(9) 00__( Ped 4 3% — 1) _y;em: (4.8)
00 _y;e% et
and
100 0
oy 010 0
Fii(g) — , 4.9
©=1000_1 (49)
001 0
we have
1 1 L
S = 5 / {8+:U 8 x + €2x (9+y a Yy — X [ﬂ€4x a+¢ 8,1/) (410)

~9 _ ~ - _
—|—<%e4j§ . e2fi> 8+¢ 6_)24- <y_e4x +621> a+>~< 8_¢

(§°e* + 7 = 3) 9,.x - x} }d&* dg-,



such that for the background matrices we have

1 0 0 0 00 O 0
- 0e* 0 0 _ 00 O 0
G, = 2% B, = _ s AT _~2 4% (4.11)
n=v e N ye y“e ’
0 5 00
e2% A — 5\645 —ef (~3 3:22)\ 3z
00 - N 0 00 DD 3—)\(y (& +e 3)
where B . .
Y 47 Y 4z Y 3
= = = - = 1.
A 126 + 36 36 +
4.2 Case B

For Lie super-bialgebra ((24; 1 + 2A4)!, I), where I is (2, 2) (with two bosonic and fermionic
bases) Abelian superalgebra, we have the following nonzero (anti) commutation relations

to the basis { X1, X, X3, X4} for (2411 +24)" and {X', X2, X3, X*} for I

{X3, X3} = X, {Xy, X4} = Xo,
(X5, X1 = — X3, Xy, X2 = — X1 (4.12)

Using the representation in (4.2) we have 11 (g) = 0 and if we choose Z-E]Jf(e) as (4.4) the
action of the model will have the following form

S = % /d§+ ' {8+x O_x+ 041y O_y+ 0+ O_x — Oy x O_0 (4.13)
v X
5 (042 0_¢Y + 049 O_x) — > (O4y O—x + 01 x O0-y) ¢,

with the background matrices as

1000 00-%2 0
01 00 00 0 —X
G, = . u.B, = 2 4.14
a 00 0 1 : L0 0 0 (4.14)
00-10 0X¥ 0 0
For the dual model we find
000 0
3 . - 000 0
O— (o 7 ooc > (5 —
£ (3i90 01y Ox1 aiX) o 1L;(9) 00 -3 0 | (4.15)
00 0 —j
then we have
-1
S = §/d§+ d¢~ {&jz 0_% + 0.7 0_7 (4.16)
1 ~ o A T ea A T e A -
+ = (3+¢0x—0+><0¢—y3+¢3w—w5+x0X)},
zy +1



with the following background matrices

10 0 0 00 0 0
- 01 0 0 N 00 0 0
G, = . , uB = N : (4.17)
. 00 0 7 . 0055 0
1 —%
00 Ty+1 0 00 0 aﬁg]fl

Note that the background matrices of the model depend only on the fermionic fields {1, x}
and for the dual model the matrices depend only on the bosonic fields {Z,3}. As such we
see that in this case the super Poisson-Lie T-duality (super non-Abelian duality) transforms
the role of fermionic fields in the model to bosonic fields on the dual model. In the next
section we generalize this feature for general Abelian Lie super-bialgebra (g, I). But before
that, let us investigate the physical equivalence of the model and its dual in the case B by
use of canonical transformations. The generating functional for this equivalence is

Flz, 7] = —% / do #; RY' (4.18)

:—%/ do {:E(%SU—B?“%5o¢+§aay—17gaox—izaﬂ/}—fcaoX},

This generating functional produces the following canonical transformations

SF SF
o of s onf 4.19
pi = p 5%, (4.19)
i.e.
1 a1, 1
pP1 = 580"175 — 2 47;Z) 80¢7
1 L1 1
P2 = 5007, P’ = 500y = X 0o,
1. - 1 1. - L1
p3:—§x 3a¢—4¢3 T — 280¢7 p3: B a¢7
11 1. 1
Pa= =50 0sX = X 059 = 505X, pt= 505X (4.20)

with these canonical transformations the Hamiltonian of the model

1 1
H=p12+p22+1,!)p1p4+—wXp1p2+2p3p4—xp2p3+Zaawaax

&Ty 8oy + aa¢ 80)( - ¢ Op 507,0 X aay aUXa (4'21)
with -
0L
pi = Wa (4-22)

is equal to the Hamiltonian of the dual model
H= @)+ 0 +2@ 5+ 105 5 +25° 0oX — § 5" 90
1. - 1
+ 500t 05X + (057 05 + D5 0)- (4.23)



with -
, oL
D' = . 4.24

Therefore the two models (4.13) and (4.16) are physically equivalent.

5 Super non-Abelian duality

Here we consider Abelian Lie super-bialgebras (g, I) where g and I have (m, 2n) m bosonic
and 2n fermionic generators. We consider the following three cases in terms of commutation

relations of Lie superalgebra g:

a) The commutation relations for the generators {X4} = {Xi, -+, Xy, Xpnt1, -,
Xm+ton} of g have the following form:

2n
[Xi’Xm+a] = Z fm+iljm+a Xm-i—ba 1= 15 , 1, a = 1, a2na (51)
b=1

i.e. we have only commutation relation of bosons with fermions. Now by use of the

following parameterizations for the Lie supergroup G

1 m 1 2n
g = e X1 ot Xm0 X Y Xm+2”, (52)

we have

digg ' = Z@ixiXi (5.3)
i=1

m+2n

2n
_ k 1 km+1
+ Z Z 8i¢a(e mem)mJ’_a L (6 ! Xl)km " ka+a’

a=1 ki,k2,kmta=1

where X, is adjoint representation of the bosonic bases X,,. By comparison of this
relation with (3.18) we see that the éﬁ) are functions of bosonic coordinates of Lie
supergroup G i.e. {'}. On the other hand as for case B of section 4 we have

b=11=0, Ejf(9) = Ef(e). (5.4)

In this way by use of (3.19) we see that the background matrix depends only on the
bosonic coordinates of the Lie supergroup G. Furthermore by using of the commuta-
tion relations of Lie super-bialgebras for (g, I) we have [18]

2n
[Xi7Xm+a] _ Z fm+TI))’L+b,i Xm—f—b’ (5.5)
b=1
Xinta, X7 = = > " ia X7, (5.6)
i=1

,10,



then one can obtain

a=1

2n 2n

X = Xt 30 Y g K7 57)
bh=1
m

2n
g_le—i-a g = m+a Z m—l—a,i sz’ (5-8)
b=1

i=

[y

and by comparison of dual version of (3.8) we see that the matrix b depends only on
the fermionic coordinates of G; then II = b @~ ! is only the function of fermionic
coordinates of G and background matrix of dual model depends only on the fermionic
coordinates. In this case super Poisson Lie T-duality transforms the role of bosonic
fields in the model to the fermionic fields on the dual model.

The commutation relations for the generators {X 4} of g have the following form

[Xm+a7 m+b Z fm+a m-+b Xu (5'9)
i=1

i.e. we have only commutation relations of fermions with fermions. In this case
we have

m 2n 2n m
0rgg™" = Y 020’ Xi+ Y 050" Xpnra— D Y 00" Y’ finiames Xi, (5.10)
i=1 a=1 a>b=1 =1

then the background matrix of the model depends only on the fermionic fields. On
the other hand, for the dual model we have

[Xm—l—mXi] = - Z f%”rLer,era qutb’ (511)
b=1
7'X 9= X,
m  2n ‘ _
gile—I—a g = Xm+a + Z Z -i'i f%ner,era Xm+b7 (5-12)
i=1 b=1

then the matrix b and background matrix of the dual model depend only on the
bosonic fields. In this case super Poisson Lie T-duality transforms the role of fermionic
fields in the model to the bosonic fields on the dual model (such as case B of section 4).

For the case

X27X Z fzy le (513)

we have only commutation relations of bosons with bosons; the background matri-
ces of models and its dual are functions of bosonic fields and super Poisson Lie T-
duality transforms the bosonic fields to the bosonics ones (such as ordinary Poisson
Lie T-duality).

— 11 —



6 Conclusion

We investigated Poisson-Lie T-duality for sigma models on supermanifolds, especially on
Lie supergroups. We show that for the Abelian case (g, I) the super Poisson Lie T-duality
transforms the role of fermionic (bosonic) fields in the model to bosonic (fermionic) fields
on the dual model and vice versa. We hope that the relationship between T-duality and
mirror symmetry will be better understood in this way. Furthermore, one can investigate
Poisson-Lie T-dual sigma models on supergroups having conformal symmetry, as well as
its relations to superstring theories on AdS backgrounds. The study of Poisson-Lie T-dual
sigma models on low dimensional supergroups [18, 19] with spectator fields and its relations
to models such as 2 4+ 1 dimensional string cosmology coupled with fermionic matter can
be considered an other open problems, some of which are under investigation.
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