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1 Introduction

Field theories with supermanifold as target space have recently received considerable atten-

tion, because of their interesting applications in both string theory and condensed matter

physics. WZNW models on supergroups are related to local logarithmic conformal field

theories [1–3]. Moreover, sigma model on Lie supergroups provides the building blocks of

string theory in AdS backgrounds; for example, superstring theory on AdS3×S
3 is related

to a sigma model on PSU(1, 1|2) [4–6]. Furthermore, the study of two-dimensional topo-

logical sigma model on supermanifolds gives a better understanding of mirror symmetry

and its relation to T -duality [7, 8]. T -duality is the most important symmetries of string

theory [9]. On the other hand Poisson-Lie T -duality, a generalization of T -duality, does not

require existence of isometry in the original target manifold (as in usual T -duality) [10–

13]; the integrability of the Noether,s currents associated with the action of group G on

the target manifold is enough to have this symmetry. In these models, the components

of the Noether,s currents play the role of flat connection, i.e. they satisfy Maurer-Cartan

equations with group structure of G̃ (with the same dimension of G) [10, 11] so that G and

G̃ have Poisson-Lie structure and their Lie algebras form a Lie bialgebra [14]. In [15] it

is shown that Poisson-Lie T -duality in (2, 2) superconformal WZNW and Kazama-Suzuki

models acts as a mirror symmetry. So the study of Poisson-Lie T -dual sigma models on

supermanifolds and its relation to mirror symmetry is an interesting problem. However, to

our knowledge Poisson-Lie T -dual sigma models on supermanifolds have not been studied

until now. In this paper, we investigate this problem.

The paper is organized as follows. In section two we generalize the Poisson-Lie symme-

try to sigma models on supermanifolds and show that the, integrability condition on this
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super Poisson-Lie symmetry gives the super Jacobi identities of Lie super-bialgebras [17].

The super Poisson-Lie T -dual sigma models on supergroups are investigated in section

three. As the fourth section, we give examples of four-dimensional Lie super-bialgebras

((2A1,1 + 2A)1,D10
p= 1

2

) and (2A1,1 + 2A)1, I) [18, 19] and for the second example we give

canonical transformation that relate model and its dual one. Then in section five, we show

that in general for the Abelian case (g, I) the super Poisson-Lie T -duality transforms the

role of fermionic (bosonic) fields in the model to bosonic (fermionic) fields on the dual

model and vice versa. Some remarks are discussed in as concluding section.

2 Super Poisson-Lie symmetry in sigma models on supermanifolds

Consider two dimentional sigma models on supermanifolds1 M as target space with back-

ground matrix µEν(x) = µGν(x) +µBν(x) as function of coordinates xµ2

S =
1

2

∫

dξ+ ∧ dξ− ∂+x
µ
µEν ∂−x

ν =
1

2

∫

dξ+ ∧ dξ−L. (2.1)

Suppose that a supergroup G acts from right on M freely. Then with the use of left

invariant supervector field iv
µ(L, l) (defined with left derivative)

iv
(L, l) = iv

µ(L, l)

−→
∂

∂xµ
, (i = 1, . . . , dimG) (2.2)

corresponding to this action, one can compute variation of S under transformation xµ −→

xµ + ǫi(ξ+, ξ−)iv
µ as follows:3

δS =
1

2

∫

dξ+ ∧ dξ− εi (−1)λ+iλ ∂+x
λ L

iv Eλν ∂−x
ν −

1

2

∫

dεi ∧ ⋆iJ, (2.3)

where the Lie superderivative L
iv Eλν and Hodge star of Nother,s current have the following

forms respectively

L
iv Eµν = (−1)iµ+µ+λ −→∂µ iv

λ Eλν + iv
λ −→∂λ Eµν + (−1)µν+µλ+iν+λ+ν −→∂ν iv

λ Eµλ, (2.4)

⋆iJ = (−1)µ+λ
iv
µ ∂+x

λ Eλµ dξ
+ − (−1)µ iv

µ Eµν ∂−x
νdξ−. (2.5)

By direct calculation, one can consider

d ⋆ iJ = [(−1)λ+iλ ∂+x
λ L

iv Eλν ∂−x
ν + iv

µ (equations of motion)] dξ− ∧ dξ+, (2.6)

where the equations of motion have the following form

− (−1)λ+µλ ∂+x
λ −→∂µ Eλν ∂−x

ν + (−1)µ ∂+x
λ −→∂λ Eµν ∂−x

ν + (−1)µ Eµν ∂+∂−x
ν

+(−1)λ+µ ∂−∂+x
λ Eλµ + (−1)λ+µ ∂+x

λ ∂−x
ν −→∂ν Eλµ = 0.

(2.7)

1Here we use the notation presented by DeWitt’s in [16]. For example the transformation properties of

upper and lower right indices to the left one are as follows:

i
T

k
jl... = T

ik
jl..., jT

ik
l... = (−1)j

T
ik
jl...,

where indices on the exponent of (−1) show the Grassmann degrees of variables.
2Here we consider bosonic worldsheet with light cone coordinates: ξ± = 1

2
(τ ± σ)

3From now on we will omit the superscripts (L, l) on iv
µ.
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Thus, on extremal surface we have δS = 0 and

d ⋆ iJ = −[(−1)λ+iλ ∂+x
λ L

iv Eλν ∂−x
ν ] dξ+ ∧ dξ−. (2.8)

If L
iv Eλν = 0, then G is a superisometry group of M and we have conserved currents. On

the other hand, if ⋆iJ on extremal surfaces satisfy Maurer-cartan equation [16]

d ⋆ iJ = −(−1)jk
1

2
f̃
jk
i ⋆ jJ ∧ ⋆kJ, (2.9)

where, f̃ jk i are structure constants of Lie superalgebras g̃ (with the same dimension of g

(Lie superalgebra of G)); then the super Poisson-Lie symmetry will be

Lvi
(Eλν) = (−1)µ+µ′+λµ′+jk+µk+µµ′+νλ+µ′ν f̃

jk
i jv

µ
kv
µ′ Eµν Eλµ′ , (2.10)

where this formula is a generalization of usual Poisson-Lie symmetry [10] to sigma models

on supermanifolds.

Now, using integrability condition on Lie superderivative

L[iv,jv](Eλν) = [L
iv,Ljv]Eλν = L

iv Ljv Eλν − (−1)ij L
jvLiv Eλν , (2.11)

and after some computations, we see that the structure constants of Lie superalgebras g

and g̃ must be satisfied in the following relations

fkij f̃
ml
k = (−1)il fmik f̃

kl
j + f lik f̃

mk
j + fmkj f̃

kl
i + (−1)mj f lkj f̃

mk
i , (2.12)

where these are the mixed superJacobi identities of the Lie super-bialgebras (g, g̃) [18, 21].

In the same way, one can consider the dual sigma models with background matrix µẼν ;

where the supergroup G̃ acts freely on M and the roles of g and g̃ are exchanged.

3 Super Poisson-Lie T-dual sigma models on supergroups

When the supergroup G acts transitively and freely on M , the target can be identified with

the supergroup G. In this case, in order to obtain T-dual sigma models, one can consider

the equation of motion for the action on the super Drinfeld double D [11]

< ∂±ll
−1, ε∓ > = 0, (3.1)

where l(ξ+, ξ−) is a map from world sheet to super Drinfeld double D and < ., . > is the

invariant bilinear form on the double and ε∓ are n dimensional orthogonal super vector

spaces such that ε+ + ε− spans Lie superalgebra D = g
⊕

g̃. Now by using decomposition

l in the vicinity of the unit element of D [17]

l(ξ+, ξ−) = g(ξ+, ξ−)h̃(ξ+, ξ−), ( g ∈ G, h̃ ∈ G̃ ) (3.2)

we obtain from (3.1)

< g−1∂±g + ∂±h̃ h̃
−1, g−1ε∓g > = 0. (3.3)

– 3 –
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On the other hand, for the super vector spaces ε∓ we have

g−1ε±g = Span{Xi ± E
±
ij (g)X̃

j}, (3.4)

where super matrices E± are supertranspose of each other (E−
ij = (−1)ijE+

ji), {Xi} and

{X̃i} are bases of Lie superalgebras g and g̃ such that

< Xi,Xj > = < X̃i, X̃j > = 0,

< Xi, X̃
j > = δi

j = (−1)ij δj i = (−1)ij < X̃j ,Xi >, (3.5)

and we have4

E+(g) =
(

a(g) + E+(e)b(g)
)−1

E+(e)d(g), (3.6)

such that

g−1Xi g = a(g)i
k
kX = (−1)k a(g)i

kXk, (3.7)

g−1X̃jg = b(g)jk kX + d(g)j kX̃
k = (−1)k b(g)jk Xk + d(g)j kX̃

k, (3.8)

Now by using (3.3)-(3.5) we have

A+i(g) := (∂+h̃ h̃
−1)i = (−1)l (g−1∂+g)

lE+
li (g),

A−i(g) := (∂−h̃ h̃
−1)i = −E+

il (g)(g
−1∂−g)

l, (3.9)

where A± are right invariant one forms on G̃ and satisfy in the following flat connection

relation

∂+A−i(g) − ∂−A+i(g) − (−1)j l f̃ j l i A−j(g)A+l(g) = 0. (3.10)

Indeed one can observe that the above equation results in the equations of motions and

super Poisson-Lie symmetry of the following action

S =
1

2

∫

(g−1∂+g)
i
iE

+
j (g) (g−1∂−g)

j dξ+ dξ−. (3.11)

To see this it is convenient to use the following definition for the left invariant one forms

with left derivative [17, 20]

(g−1∂+g)
i = L

(l)i

+ = ∂+x
µ
µL

(l)i

, (3.12)

(g−1∂−g)
j = L

(l)j

− = jL
(l)t

ν ∂−x
ν , (3.13)

where the superscript t stands for supertransposition. On the other hand, by use of

< iv , L
(l)j > = iδ

j with L(l)j =
−→
d xν νL

(l)j we have

iv
µ = iL

(l)µ −1

, (−1)i+iν νL(l)
i
−t = iv

ν . (3.14)

Then from (3.9) we will have

A+i(g) = (−1)i+iν ∂+x
µ
µEν iv

ν ,

A−i(g) = −(−1)i iv
µ
µEν ∂−x

ν , (3.15)

4Here one must use of superdeterminant and superinverse formula [16].
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where

µEν = µL
(l)i

iE
+
j (g) jL

(l)t

ν . (3.16)

Now using the above relations in (3.10) we attain the proper result. Note that by use of

(g−1∂±g) = R
(l)i

± g−1
iXg = R

(l)i

± ia
(l)j

(g) jX, (3.17)

where

(∂±gg
−1)i = R

(l)i

± , (3.18)

we have

L
(l)i

± = R
(l)j

± ja
(l)i

(g), (3.19)

and one can rewrite the action of (3.11) in the following form:

S =
1

2

∫

(∂+gg
−1)i iE

+
j (g) (∂−gg

−1)j dξ+ dξ−, (3.20)

where

iE
+
j (g) = i

(

E+−1

(e) + Π(g)
)

j

−1
, (3.21)

and the super Poisson structure has the following form:

Π = ba−1. (3.22)

In the same way one can obtain the following super Poisson-Lie symmetric dual sigma

model

S̃ =
1

2

∫

(∂+g̃g̃
−1)i Ẽ

ij(g̃) j(∂−g̃g̃
−1) dξ+ dξ−, (3.23)

with

Ẽ
ij(g̃) =

(

Ẽ+−1

(ẽ) + Π̃(g̃)
)ij−1

, (3.24)

where

E±(e) Ẽ±(ẽ) = Ẽ±(ẽ) E±(e) = I. (3.25)

4 Examples

In this section we consider Poisson-Lie T-dual sigma models related to four dimensional

Lie super bialgebras ((2A1,1 + 2A)1,D10
p= 1

2

) and ((2A1,1 + 2A)1, I).5

5These Lie super-bialgebras are obtained in [19] in the same way as [18] . Note that for the Lie superal-

gebras with odd numbers of fermionic coordinates the metric tensor is singular [16] hence we consider four

dimensional Lie superalgebras with two fermionic coordinates as an example.
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4.1 Case A

For Lie super-bialgebra ((2A1,1 + 2A)1,D10
p= 1

2

), we have the following nonzero (anti) com-

mutation relations to the basis6 {X1,X2,X3,X4} for (2A1,1 + 2A)1 and {X̃1, X̃2, X̃3, X̃4}

for D10
p= 1

2

{X3,X3} = X1, {X4,X4} = X2,

[X̃1, X̃2] = X̃2, [X̃1, X̃3] =
3

2
X̃3,

[X̃1, X̃4] =
1

2
X̃4, [X̃2, X̃4] = X̃3,

[X2, X̃
1] = X2, [X2, X̃

2] = −X1, [X3, X̃
1] =

3

2
X3 − X̃

3,

[X3, X̃
2] = X4, [X4, X̃

1] =
1

2
X4, [X4, X̃

2] = −X̃4,

{X3, X̃
3} =

3

2
X1, {X3, X̃

4} = X2, {X4, X̃
4} =

1

2
X1. (4.1)

Now using (3.17) with the following representation for the Lie supergroups (2A1,1 + 2A)1

and D10

P=1

2

:

g = exX1 eyX2 eψX3 eχX4 , g̃ = ex̃X̃
1

eỹX̃
2

eψ̃X̃
3

eχ̃X̃
4

, (4.2)

where {x, y, x̃, ỹ} and {ψ,χ, ψ̃, χ̃} are bosonic and fermionic coordinates of the Lie super-

groups (2A1,1 + 2A)1 and D10

P=1

2

; we have

R±
(l)i

=
(

∂±x−
ψ
2 ∂±ψ ∂±y −

χ
2 ∂±χ −∂±ψ −∂±χ

)

,

Πij(g) =











0 −y 3ψ
2

χ
2

y 0 0 ψ

−3ψ
2 0 0 0

−χ
2 −ψ 0 0











. (4.3)

Then using (3.19) and choosing iE
+
j (e) as

iE
+
j (e) =











1 0 0 0

0 1 0 0

0 0 0 1

0 0 −1 0











, (4.4)

6Here {X1, X2, X̃
1, X̃2} and {X3, X4, X̃

3, X̃4} are bosonic and fermionic bases respectively [22].
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the following model is derived

S =
1

2

∫

1

2(1 + y2)

{(

2−
3ψχ

1 + y2

)

(∂+x ∂−x+ y ∂+x ∂−y − y ∂+y ∂−x) (4.5)

+

(

2 +
3y2ψχ

1 + y2

)

∂+y ∂−y − [χ+ (1 + 2y)ψ]∂+x ∂−ψ

−[−χ+ (1 + 2y)ψ]∂+ψ ∂−x+ (3ψ − yχ)(∂+x ∂−χ− ∂+χ ∂−x)

+[yχ+ (y − 2)ψ]∂+y ∂−ψ + [yχ− (y − 2)ψ]∂+ψ ∂−y

−(χ+ 3yψ)(∂+y ∂−χ+ ∂+χ ∂−y) +

[

2(1 + y2) + (5− y)
ψχ

2

]

∂+ψ ∂−χ

− (1 + 2y)ψχ ∂+ψ ∂−ψ −

[

2(1 + y2) + (1 + y)
ψχ

2

]

∂+χ ∂−ψ

}

dξ+ dξ−,

where the action have the following background matrices

µGν =
1

2(1 + y2)











2− 3ψχ
1+y2 0 −χ 3ψ − yχ

0 2 + 3y2ψχ
1+y2

(y − 2)ψ 0

−χ (y − 2)ψ 0 2(1 + y2) + 3
2ψχ

3ψ − yχ 0 −2(1 + y2)− 3
2ψχ 0











, (4.6)

µBν =
1

2(1 + y2)











0 (2− 3ψχ
1+y2

)y −(1 + 2y)ψ 0

−(2− 3ψχ
1+y2

)y 0 yχ −(χ+ 3yψ)

(1 + 2y)ψ −yχ −(1 + 2y)ψχ 1
2(2− y)ψχ

0 (χ+ 3yψ) 1
2(2− y)ψχ 0











. (4.7)

For the dual model with

R̃(l)
±i =

(

∂±x̃ e
x̃ ∂±ỹ e

3x̃
2 (∂±ψ̃ + ỹ∂±χ̃) e

x̃
2 ∂±χ̃

)

,

Π̃ij(g̃) =











0 0 0 0

0 0 0 0

0 0 −1
3(ỹ3e3x̃ + e3x̃ − 1) − ỹ2

2 e
2x̃

0 0 − ỹ2

2 e
2x̃ −ỹex̃











, (4.8)

and

Ẽij(ẽ) =











1 0 0 0

0 1 0 0

0 0 0 −1

0 0 1 0











, (4.9)

we have

S̃ =
1

2

∫ {

∂+x̃ ∂−x̃+ e2x̃ ∂+ỹ ∂−ỹ −
1

λ

[

ỹe4x̃ ∂+ψ̃ ∂−ψ̃ (4.10)

+

(

ỹ2

2
e4x̃ − e2x̃

)

∂+ψ̃ ∂−χ̃+

(

ỹ2

2
e4x̃ + e2x̃

)

∂+χ̃ ∂−ψ̃

+
ex̃

3
(ỹ3e3x̃ + e3x̃ − 3) ∂+χ̃ ∂−χ̃

]}

dξ+ dξ−,

– 7 –
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such that for the background matrices we have

µG̃ν =











1 0 0 0

0 e2x̃ 0 0

0 0 0 e2x̃

λ

0 0 − e2x̃

λ
0











, µB̃ν =











0 0 0 0

0 0 0 0

0 0 −ỹe4x̃

λ
−ỹ2e4x̃

2λ

0 0 −ỹ2e4x̃

2λ
−ex̃

3λ (ỹ3e3x̃ + e3x̃ − 3)











, (4.11)

where

λ =
ỹ4

12
e4x̃ +

ỹ

3
e4x̃ −

ỹ

3
ex̃ + 1.

4.2 Case B

For Lie super-bialgebra ((2A1,1 + 2A)1, I), where I is (2, 2) (with two bosonic and fermionic

bases) Abelian superalgebra, we have the following nonzero (anti) commutation relations

to the basis {X1,X2,X3,X4} for (2A1,1 + 2A)1 and {X̃1, X̃2, X̃3, X̃4} for I:

{X3,X3} = X1, {X4,X4} = X2,

[X3, X̃
1] = −X̃3, [X4, X̃

2] = −X̃4. (4.12)

Using the representation in (4.2) we have Πij(g) = 0 and if we choose iE
+
j (e) as (4.4) the

action of the model will have the following form

S =
1

2

∫

dξ+ dξ−
{

∂+x ∂−x+ ∂+y ∂−y + ∂+ψ ∂−χ− ∂+χ ∂−ψ (4.13)

−
ψ

2
(∂+x ∂−ψ + ∂+ψ ∂−x)−

χ

2
(∂+y ∂−χ+ ∂+χ ∂−y)

}

,

with the background matrices as

µGν =











1 0 0 0

0 1 0 0

0 0 0 1

0 0 −1 0











, µBν =











0 0 −ψ
2 0

0 0 0 −χ
2

ψ
2 0 0 0

0 χ
2 0 0











. (4.14)

For the dual model we find

R̃±
(l)
i =

(

∂±x̃ ∂±ỹ ∂±ψ̃ ∂±χ̃
)

, Π̃ij(g̃) =











0 0 0 0

0 0 0 0

0 0 −x̃ 0

0 0 0 −ỹ











, (4.15)

then we have

S̃ =
1

2

∫

dξ+ dξ−
{

∂+x̃ ∂−x̃+ ∂+ỹ ∂−ỹ (4.16)

+
1

x̃ỹ + 1
(∂+ψ̃ ∂−χ̃− ∂+χ̃ ∂−ψ̃ − ỹ ∂+ψ̃ ∂−ψ̃ − x̃ ∂+χ̃ ∂−χ̃)

}

,
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with the following background matrices

µG̃ν =











1 0 0 0

0 1 0 0

0 0 0 1
x̃ỹ+1

0 0 −1
x̃ỹ+1 0











, µB̃ν =











0 0 0 0

0 0 0 0

0 0 −ỹ
x̃ỹ+1 0

0 0 0 −x̃
x̃ỹ+1











. (4.17)

Note that the background matrices of the model depend only on the fermionic fields {ψ,χ}

and for the dual model the matrices depend only on the bosonic fields {x̃, ỹ}. As such we

see that in this case the super Poisson-Lie T-duality (super non-Abelian duality) transforms

the role of fermionic fields in the model to bosonic fields on the dual model. In the next

section we generalize this feature for general Abelian Lie super-bialgebra (g, I). But before

that, let us investigate the physical equivalence of the model and its dual in the case B by

use of canonical transformations. The generating functional for this equivalence is

F [x, x̃] = −
1

2

∫

dσ x̃i R
(l)i

σ (4.18)

= −
1

2

∫

dσ

{

x̃ ∂σx− x̃
ψ

2
∂σψ + ỹ ∂σy − ỹ

χ

2
∂σχ− ψ̃ ∂σψ − χ̃ ∂σχ

}

,

This generating functional produces the following canonical transformations

pi =

←−
δ F

δxi
, p̃i = −

←−
δ F

δx̃i
, (4.19)

i.e.

p1 =
1

2
∂σx̃, p̃1 =

1

2
∂σx−

1

4
ψ ∂σψ,

p2 =
1

2
∂σ ỹ, p̃2 =

1

2
∂σy −

1

4
χ ∂σχ,

p3 = −
1

2
x̃ ∂σψ̃ −

1

4
ψ ∂σx̃−

1

2
∂σψ̃, p̃3 =

1

2
∂σψ,

p4 = −
1

2
ỹ ∂σχ̃−

1

4
χ ∂σ ỹ −

1

2
∂σχ̃, p̃4 =

1

2
∂σχ, (4.20)

with these canonical transformations the Hamiltonian of the model

H = p1
2 + p2

2 + ψ p1 p4 +
1

2
ψ χ p1 p2 + 2p3 p4 − χ p2 p3 +

1

4
∂σx ∂σx

+
1

4
∂σy ∂σy +

1

2
∂σψ ∂σχ−

1

4
ψ ∂σx ∂σψ −

1

4
χ ∂σy ∂σχ, (4.21)

with

pi =

←−
∂ L

∂(∂τxi)
, (4.22)

is equal to the Hamiltonian of the dual model

H̃ = (p̃1)2 + (p̃2)2 + 2(x̃ ỹ + 1)p̃3 p̃4 + x̃ p̃3 ∂σχ̃− ỹ p̃
4 ∂σψ̃

+
1

2
∂σψ̃ ∂σχ̃+

1

4
(∂σx̃ ∂σx̃+ ∂σ ỹ ∂σ ỹ). (4.23)
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with

p̃i =

←−
∂ L̃

∂(∂τ x̃i)
. (4.24)

Therefore the two models (4.13) and (4.16) are physically equivalent.

5 Super non-Abelian duality

Here we consider Abelian Lie super-bialgebras (g, I) where g and I have (m, 2n) m bosonic

and 2n fermionic generators. We consider the following three cases in terms of commutation

relations of Lie superalgebra g:

a) The commutation relations for the generators {XA} = {X1, · · · ,Xm,Xm+1, · · · ,

Xm+2n} of g have the following form:

[Xi,Xm+a] =
2n
∑

b=1

fm+b
i,m+a Xm+b, i = 1, · · · ,m, a = 1, · · · , 2n, (5.1)

i.e. we have only commutation relation of bosons with fermions. Now by use of the

following parameterizations for the Lie supergroup G

g = ex
1X1 · · · ex

mXm eψ
1Xm+1 · · · eψ

2nXm+2n , (5.2)

we have

∂±gg
−1 =

m
∑

i=1

∂±x
iXi (5.3)

+
2n
∑

a=1

m+2n
∑

k1,k2,···km+a=1

∂±ψ
a(e−x

mχm)m+a
k1
· · · (e−x

1χ1)km

km+1

Xkm+a
,

where χm is adjoint representation of the bosonic bases Xm. By comparison of this

relation with (3.18) we see that the R
(l)i

± are functions of bosonic coordinates of Lie

supergroup G i.e. {xi}. On the other hand as for case B of section 4 we have

b = Π = 0, E+
ij (g) = E+

ij (e). (5.4)

In this way by use of (3.19) we see that the background matrix depends only on the

bosonic coordinates of the Lie supergroup G. Furthermore by using of the commuta-

tion relations of Lie super-bialgebras for (g, I) we have [18]

[Xi, X̃
m+a] =

2n
∑

b=1

fm+b
m+b,i X̃

m+b, (5.5)

[Xm+a, X̃
m+b] = −

m
∑

i=1

fm+b
i,m+a X̃

i, (5.6)

– 10 –
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then one can obtain

g̃−1Xi g̃ = Xi +

2n
∑

a=1

2n
∑

b=1

ψ̃a f
m+a

m+b,i X̃
m+b, (5.7)

g̃−1Xm+a g̃ = Xm+a −

m
∑

i=1

2n
∑

b=1

ψ̃b f
m+b

m+a,i X̃
i, (5.8)

and by comparison of dual version of (3.8) we see that the matrix b̃ depends only on

the fermionic coordinates of G̃; then Π̃ = b̃ ã−1 is only the function of fermionic

coordinates of G̃ and background matrix of dual model depends only on the fermionic

coordinates. In this case super Poisson Lie T-duality transforms the role of bosonic

fields in the model to the fermionic fields on the dual model.

b) The commutation relations for the generators {XA} of g have the following form

[Xm+a,Xm+b] =

m
∑

i=1

f im+a,m+b Xi, (5.9)

i.e. we have only commutation relations of fermions with fermions. In this case

we have

∂±gg
−1 =

m
∑

i=1

∂±x
iXi+

2n
∑

a=1

∂±ψ
a Xm+a−

2n
∑

a>b=1

m
∑

i=1

∂±ψ
a ψb f im+a,m+b Xi, (5.10)

then the background matrix of the model depends only on the fermionic fields. On

the other hand, for the dual model we have

[Xm+a, X̃
i] = −

2n
∑

b=1

f im+b,m+a X̃
m+b, (5.11)

g̃−1Xi g̃ = Xi,

g̃−1Xm+a g̃ = Xm+a +
m

∑

i=1

2n
∑

b=1

x̃i f
i
m+b,m+a X̃

m+b, (5.12)

then the matrix b̃ and background matrix of the dual model depend only on the

bosonic fields. In this case super Poisson Lie T-duality transforms the role of fermionic

fields in the model to the bosonic fields on the dual model (such as case B of section 4).

c) For the case

[Xi,Xj ] =

m
∑

k=1

fkij Xk, (5.13)

we have only commutation relations of bosons with bosons; the background matri-

ces of models and its dual are functions of bosonic fields and super Poisson Lie T-

duality transforms the bosonic fields to the bosonics ones (such as ordinary Poisson

Lie T-duality).

– 11 –



J
H
E
P
0
9
(
2
0
0
9
)
0
9
4

6 Conclusion

We investigated Poisson-Lie T -duality for sigma models on supermanifolds, especially on

Lie supergroups. We show that for the Abelian case (g, I) the super Poisson Lie T-duality

transforms the role of fermionic (bosonic) fields in the model to bosonic (fermionic) fields

on the dual model and vice versa. We hope that the relationship between T -duality and

mirror symmetry will be better understood in this way. Furthermore, one can investigate

Poisson-Lie T -dual sigma models on supergroups having conformal symmetry, as well as

its relations to superstring theories on AdS backgrounds. The study of Poisson-Lie T -dual

sigma models on low dimensional supergroups [18, 19] with spectator fields and its relations

to models such as 2 + 1 dimensional string cosmology coupled with fermionic matter can

be considered an other open problems, some of which are under investigation.
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